ABSTRACT This paper derives a new terminal homing guidance law for missiles to intercept noncooperative maneuvering targets subject to the constraint of terminal line-of-sight angle. The new guidance law avoids abrupt and large changes in guidance commands, while allows the control gains to be determined analytically or chosed loosely to ease the design of guidance law. This is achieved by combining the advantages of sliding mode, prescribed performance, and inertial delay controllers. The prescribed performance controller is designed by a new two-phased prescribed performance function with an improved continuous dynamic property, which drives the predefined state error-based sliding mode variable to a small residual set around zero. The inertial delay controller is adopted to suppress the system uncertainty. Thus, the new guidance law yields continuous guidance commands over the entire terminal homing phase while eliminating abrupt and large changes in the initial phase, resulting from the initial state errors in the prescribed performance function. The newly proposed guidance law improves the prescribed performance control that dominates the gains of the proposed guidance law. Theoretical analyses and numerical simulations are conducted to verify the robustness and preciseness of the proposed guidance law.
I. INTRODUCTION
Intercept non-cooperative maneuvering targets by defense missiles during the terminal homing phase is a challenging task due to high relative speed between target and missile as well as limited agility of missile. Controlling the terminal impact angle of missiles is essential in improving the interception performances, where the near-zero miss distance and terminal relative angle constraint are two critical demands [1] - [3] . Moreover, improving the guidance performance and decreasing the difficulty in guidance law design [4] - [6] have been attracted more attentions. For instance, the dynamic property of guidance commands could be improved significantly by reducing the sensitivity to the predefined state errors and by enhancing the transient performance in the convergence process. Thus, the difficulty in designing such guidance laws could be eased by decreasing the number of critical control parameters and loosely selecting corresponding parameters in advance.
Over the past decades, many terminal interception guidance laws have been derived in the literature based on proportional navigation [7] , [8] , feedback linearization control [9] , [10] , nonlinear H ∞ control [11] , sliding mode control [12] , [13] and prescribed performance control (PPC) [5] . These guidance laws effectively reduce the angular rate of Line-of-Sight (LOS) of interception missiles to zero. Specifically, the PPC [14] was adopted due to its guaranteed steady-state and transient performance of a predefined system state by an analytic treatment. Generally, the PPC-type control gains affect the PPC performance (such as, continuous control signal and time-to-go sensitivity) significantly. Specifically, the prescribed performance function (PPF), which determines the convergence property of the predefined system state, critically affects the control performance. Furthermore, for satisfying the terminal LOS constraint at interception, the biased proportional navigation law [15] , linear optimal guidance law [16] , [17] and time-to-go weighted polynomial guidance law [18] have been proposed. Although effective, the performance of these guidance laws may deteriorate when the system modeling errors and disturbances induced by non-cooperative targets become non-negligible.
A. MOTIVATION
To overcome the aforementioned difficulty, sliding mode control (SMC) has been introduced [1] , [6] because it can effectively suppress system errors and disturbances. Typically, these SMC-based terminal homing guidance laws are designed by two parts: the sliding mode manifold and the sliding mode controller [19] . Many sliding mode manifolds are proposed, such as terminal sliding mode [20] and nonsingular terminal sliding mode [21] - [23] . However, the performance of guidance laws mainly depends on the sliding mode controller. For achieving high terminal precision, generally, the finite-time convergence theory [24] is typically used to drive the predefined sliding mode variable to zero. To eliminate the effect of the system errors and disturbances, the extended state observer [25] and the disturbance observer (DOB) [26] are always employed to estimate the system uncertainties. Due to the property of these observers, they may cause abrupt changes in initial estimation phase, as well as requiring more predesigned parameters in guidance law. To overcome this problem, an inertial delay control (IDC)-based guidance law has been derived to improve the estimation performance although the system uncertainty bounds are unknown in advance [27] . However, the predesigned control gains in these SMC-based guidance laws may cause abrupt changes in guidance commands if the predefined state errors are relatively large, especially in the initial phase [28] . For designing control gains to improve the performance of the sliding mode controller, especially in improving dynamic properties, efforts [29] - [32] have been continuously required in this area.
B. CONTRIBUTION
In this paper, a new two-phase analytical prescribed performance function (PPF) is constructed to improve the dynamic property of SMC at the terminal interception phase for the design of a PPC-type guidance law. The first part is a transition function, which describes a convergence process to zero at a predesigned time for an arbitrary initial value of a revised derivative of sliding mode variable. The second part is a function that contains the sliding mode variable at the predesigned time and the time-varying relative distance between the missile and the target as per [31] . The new analytical terminal homing guidance law combines the linear sliding mode, IDC and PPC. It satisfies two critical requirements in the terminal constraints at interception. Compared with our previous work in [31] and [32] , it dramatically ease the selection of control gains and parameters of DOB. At the same time, it further decrease the sensitivity of the guidance commands on initial state errors of missile. Thus, the lead guided phase is not required at the terminal homing phase.
II. PROBLEM FORMULATION
Consider a defense missile engaging a maneuvering target in the terminal homing phase as shown in FIGURE 1. M and T denote missile and target, respectively. x-axis is along the horizontal direction and y-axis is in the vertical direction upwards. The relative distance between the missile and the target is denoted by R and the Line-of-sight (LOS) angle of the missile is denoted as λ, measuring from the horizon. The velocities of the missile and the target are denoted by V M and V T , respectively. Assume the missile and the target are moving in a plane at constant velocities in this paper. Similarly, their turning accelerations (normal to the velocity) are denoted by A M and A T , and are counterclockwise normal to their corresponding velocity, respectively. Finally, the flight path angles of the missile and the target are denoted by γ M and γ T , measured from the horizon.
Based on above assumptions, the kinematics of missiletarget engagement in the terminal homing phase can be described as [1] 
Because the missile can continuously approach to the target by adjusting its LOS, the aim of designing a guidance law is to change the dynamic property of LOS. Accordingly, the timevarying property ofλ is derived as
where Moreover, assume the model uncertainty is bounded in the current work as per [1] , such that,
where µ is an unknown constant.
III. DESIGN OF TERMINAL HOMING GUIDANCE LAW A. THE LINEAR MANIFOLD FOR STATE ERRORS
To predefine the state errors, let e λ = λ − λ d be the missile's LOS angle error, where λ d is the desired terminal LOS angle at interception. Intuitively, zeroing the LOS angle rate could lead to a zero-effort miss distance. Thus,
If the relative range is less than a predesigned positive constant R f , both e λ andė λ should be controlled to a small region around zero, respectively. Accordingly, the predefined error dynamics can be derived from Eq. (5)
To reduce the relative degrees of the system in the controller design process, a linear sliding mode manifold for the errors of LOS angle and its rate is constructed as per [33] 
where s e is the sliding mode variable. Obviously, [e λ ,ė λ ] T converges to zero if the sliding mode variable s e = 0. Although other forms of sliding mode manifold could achieve the same objective, the linear sliding mode manifold simplifies the derivation of the control law, leading to a relatively concise guidance law while satisfying the terminal interception accuracy requirement. Consequently, the time-varying rate of s e is yielded asṡ
The prescribed performance control imposes the conformity to prescribed bounds regarding state error performance, despite the system uncertainty resulting from the target. Define a prescribed performance variable (PPV) ρ(t) for the predefined sliding mode variable as per [5] with exponential convergence as
where ρ 0 is a constant depending on the initial value of sliding mode variable, ρ ∞ is the predesigned steady state error, and l is a positive constant control gain. The gain l determines the convergence rate of PPV. If the response of the original system is fast, l could be tuned larger. However, for slow response systems, it is not recommended to choose a larger l. Furthermore, if a large l is chosen, in some cases, the magnitude of the corresponding controller may be saturated, which is not desired in designing a high performance controller.
Furthermore, assuming the maximum overshoot of s e is less than δρ(0) yields a small positive constant δ.
Here, s e becomes bounded. Thus, a transformed error of the sliding mode variable is defined as [14] ,
where M min and M max are positive constants and satisfy the condition M min < S z (z) < M max .
C. NEW PPC-TYPE TERMINAL HOMING GUIDANCE LAW
The objective of the new guidance law is to drive s e to a small region around zero with improved control performance. Accordingly, as per our previous work in [31] , a new twophase PPV is constructed with smooth starting and convergent properties, such that,
where t d is a predesigned time constant. The first state PPV ρ 1 (t) is a second-order function to inherit the initial dynamics of the state errors-based sliding mode variable.
The second state PPV ρ 2 (t, R) is a time-varying exponential convergent function to reduce the convergence errors of sliding mode variable caused by the estimated time-to-go errors of missile, such that,
Here, α is a positive parameter to ensure the convergence rate and accuracy of s e and its value is calculated as per Appendix. R| t=t d is the value of R at t = t d . The term exp{·} enhances the convergence rate of ρ 2 (t, R) because it decreases continuously as time increases, while the term exp[·] is to attenuate any abrupt change in ρ (t, R) as per [31] . The steady state error ρ ∞ is designed as It should be noted that the slopes of ρ 1 (t) and ρ 2 (t, R) are designed to be equal to zero at t = t d to drive the PPV to a small residual set around zero while preserve initial timevarying property of s e . Accordingly, the transformed error z in Eq. (13) is revised with the new PPV in Eq. (17) as,
where M max > 2, M min = 2 − M max to guarantee z = 0| t=0 , and ρ(t, R) = 0 to avoid z being ill-conditioned as per [14] . Accordingly, one assumption can be made so that the initial terminal homing states s eṡe t=0 > 0 or there exists t d that can assure ρ(t, R) to be either a positive or negative constant as time increases. The derivative of z can be derived aṡ
where
Substituting Eqs. (7) and (9) into Eq. (20) yieldṡ
Define A M as
Meanwhile, define h 1 = h/R and recast Eq. (23) aṡ
Consequently, h 1 is yielded as
Design u 1 as
whereĥ 1 is the estimate of h 1 .
Let h 1 pass through a broadband filter G f (s) as per [27] 
where τ is a time constant. Accordingly, the derivative ofĥ 1 is obtained aṡ
Integrating both sides of Eq. (30) yields the estimated value of h 1 aŝ
is a predesigned initial value. Equation (31) is further revised to account for errors in measuringż 1 , such that,
Combining Eqs. (24), (25), (28) and (32) yields A M as
In order to avoid the abrupt and large change of A M initially,ĥ 1 | t=0 needs be logically predesigned. Assume A M | t=0 − is known and can be determined by Eq. (33) as
where ε| t=0 + is a very small value. Then,ĥ 1 t=0 should be zeroed. Accordingly, a new PPC-type terminal homing guidance law is derived from Eq. (33) as
Thus, the proposed new guidance law in Eq. (35) avoids the large and sudden change in guidance commands initially and allows the parameters for the convergence property of PPV to be analytically designed. In the next step, we will analyze the effective regions of parameters k, k z and τ to guarantee the stability of the newly proposed guidance law in Eq. (35).
IV. STABILITY AND PERFORMANCE ANALYSIS
Substituting Eq. (33) 
Define a Lyapunov candidate function V z,h 1 as,
Substituting Eqs. (36) and (37) intoV z,h 1 yields,
Thus, the newly proposed guidance law is stable if k z > 1/2 and 0 < τ < 1.
Considering Eq. (19) as per [14] yields the bounds for the sliding mode variable s e ,
Therefore, the values for parameters k z and τ can be predesigned in larger boundary regions, respectively. This is another advantage of the guidance law (35) , where the dominant control gains k z and τ can be loosely chosen. Next, the convergence performance of e λ andė λ can be examined as followings. After |ρ(t, R)| ≤ ζ M max + |ρ ∞ | and s e equals to a bounded value φ, the dynamics of e λ becomeṡ
Thus, the stability region for e λ can be determined as
and the convergence region ofė λ is |ė λ | ≤ k |e λ | + |φ|.
Based on the performance analysis, the design procedure for the newly proposed terminal interception guidance law can be outlined as follows:
Step 1: Initialize the states of target and interception missile.
Step 2: Design the sliding mode variable s e in Eq.(8).
Step 3: Determine the predesigned time constant t d and ρ ∞ in Eq. (16), then, analytically calculate the value of parameter α in Eq. (16) as per Appendix.
Step 4: Calculate the guidance commands by Eq. (35) and the states of target and interception missile.
Step 5: Is terminal condition satisfied? NO, go to Step 4. 
V. SIMULATION AND DISCUSSION
The robustness, preciseness and effectiveness of the newly proposed terminal homing guidance law are examined by numerical simulation. First, the analytically derived terminal homing guidance law is compared with existing guidance laws. Second, the interception performance of the analytical guidance law is analyzed by a Monte Carlo simulation.
A. COMPARISON WITH EXISTING GUDIANCE LAWS
The initial parameters used in simulation are listed in Table 1 . The target's maneuvering acceleration is assumed as A T (t) = 2g sin(π t/4), where g = 9.8m/s 2 denotes the gravitational acceleration. The desired terminal LOS angle is λ d = π/6 rad. The upper bound of acceleration of missiles is limited to 20g. The performance of the newly proposed homing guidance law is compared with two existing guidance laws. The new homing guidance law in Eq. (35) is named GL1, while the continuous impact angle homing guidance law in [21] is named GL2 and the second order sliding mode and uncertainty and disturbance estimator-based homing guidance law in [6] is named GL3, respectively. The GL2 guidance law is defined as per [21] 
The GL3 guidance law is defined as per [6] A m = u e + u s +ĥ
where 
The parameters for the GL1 are designed as
The parameter α is analytically calculated as per Appendix, and the other parameters are assigned based on missile's current states, respectively.
The parameters for the GL2 are designed as:
The parameters for the GL3 are designed as:
The simulation time step is set to 2ms. The terminal condition for simulation is R ≤ R f .
Simulation results are shown in Figures 2-7 and Table 2 . The performances of the newly proposed and existing guidance laws are compared in terms of variables (sliding mode variable s e , prescribed performance variable ρ(t, R)and transformed error z in GL1), terminal LOS angle error, terminal LOS angle rate error, terminal zero-effort miss distance, control index, and interception time. Figure 2 shows that the sliding mode variable can track the prescribed performance variable precisely to guarantee the high terminal interception precision, and the tracking error can be reflected by the transformed error in GL1. Figure 3 shows guidance commands under these three compared guidance laws. Guidance commands yielded by GL1 are smaller than those yielded by GL2 and GL3, especially at initial homing phase. Meanwhile, the dynamic property of guidance commands achieved by GL1 is better than GL2 and GL3. Figure 4 shows the 2D trajectories of missiles at the terminal homing phase. The curvatures of trajectories at the beginning of the terminal homing phase achieved by GL2 and GL3 are greater than that of GL1. Correspondingly, the missile's achieved accelerations by GL2 and GL3 changes abruptly as shown in Fig. 5 compared with that by GL1 in the initial phase. The maximum amplitudes of accelerations of GL2 and GL3 are greater than that of GL1, respectively. Furthermore, the control index by GL2 is greater than that of GL1, while the terminal zero-effort miss distances of both laws are nearly the same, see Table 2 . This indicates the newly proposed guidance law could achieve the same performance of GL2 with less control index. Meanwhile, the interception time of these three guidance law are close to each other as shown in Table 2 . Next, the terminal LOS angle rates of missiles converge to the vicinity of zero as shown in Fig. 6 , respectively. Figure 7 shows the terminal LOS angles of missiles converge to a small region around the desired value, respectively. Although the LOS angles of missiles converge quickly in the initial phase by the GL2 and GL3, the convergence rate of the LOS angle by the GL1 speeds up in the middle phase and eventually intercepts the target faster than the GL2 and almost the same as the GL3.
B. PERFORMANCE OF NEW GUIDANCE LAW AGAINST UNCERTAINTIES
In reality, uncertainties exist in the estimation of initial velocity and fight path angle of missile and target, the dominated parameter k z , the parameter k in designing sliding mode variable, and time constant τ in filters. These are common factors that may deteriorate the expected performance of the newly proposed guidance law. A Monte Carlo simulation with 100 runs is performed to demonstrate the performance of the new terminal homing guidance law (GL1) in the presence of these uncertainties. Lower and upper bounds of uncertain parameters are listed in Table 3 . Figure 8 shows the missile achieved accelerations under different initial conditions, control gains for k z , the parameter k, and τ . Large and abrupt changes in the initial phase are avoided by the GL1. This demonstrates that the new guidance command is insensitive to the predesigned state errors with different values of k z , k and τ . Figures 9 and 10 depict error scatters of the terminal LOS angle and LOS angle rate of the interception missile. These demonstrate that the new guidance law is robust as expected and able to drive the desired states to predesigned values in the presence of uncertainties. Figures 11 and 12 show the cumulative distributions of terminal LOS angle error and LOS angle rate of the interception missile. More than 90% of the results are less than 0.2 • and 0.5 • /s, respectively. Figure 13 depicts the terminal zero-effort miss distance of the missile at interception. More than 90% of the results are less than 6×10 −3 m. It shows that the new guidance law can control the missile to achieve a high interception accuracy (less terminal LOS angle error and zero-effort miss distance). These results demonstrate another advantage of the newly proposed guidance law -the independent and loose choice of k z , k and τ regardless uncertainties.
VI. CONCLUSIONS
A new terminal homing guidance law for a missile to intercept a maneuvering target with the terminal LOS angle constraint is analytically derived by integrating prescribed performance control with sliding mode and inertial delay control methods. The novelty of the newly proposed guidance law is: (i) a newly constructed two-phase analytically prescribed performance function is constructed to yield continuous guidance commands in the entire terminal homing phase without abrupt and large changes in guidance commands in the initial phase, (ii) the dominated parameters governing the control gains are either analytically calculated or loosely chosen to ease the control law design. The preciseness and robustness of this newly proposed guidance law are analyzed and demonstrated by numerical simulation. 
